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GENERALIZED NORTH-SOUTH DYNAMICS ON THE SPACE OF
GEODESIC CURRENTS
CAGLAR UYANIK
Abstract. We prove uniform north-south dynamics type results for the action of
ϕ ∈ Out(FN ) on the space of projectivized geodesic currents PCurr(S) = PCurr(FN ),
where ϕ is induced by a pseudo-Anosov homeomorphism on a compact surface S with
boundary such that pi1(S) = FN . As an application, we show that for a subgroup
H ≤ Out(FN ), containing a fully irreducible (iwip) element, either H contains a
hyperbolic iwip or H is contained in the image in Out(FN ) of the mapping class group
of a surface with a single boundary component.
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1. Introduction
A well known result of Thurston [29] states that, if Sg is a hyperbolic surface and
f ∈ Mod(S) is a pseudo-Anosov homeomorphism, then f acts on the space of projective
measured laminations PML(S) with north-south dynamics. In other words, there are two
fixed points of this action, [µ+] and [µ−] called stable and unstable laminations, and any
point [µ] ∈ PML(S) other than [µ−] and [µ+] converges to [µ+] under positive iterates of
f , and converges to [µ−] under negative iterates of f . Moreover, there is a constant λ > 1,
called the dilatation, such that fµ+ = λµ+ and f
−1µ− = 1λµ−. In fact, this convergence
is uniform on compact sets by work of Ivanov [16].
A measured lamination µ ∈ML(S) has two alternative interpretations:
(1) as a geodesic current on S; see [5, 6],
(2) as dual to an R-tree; see for example [23],
both of these are very useful in terms of understanding mapping class groups.
Let FN be a free group of rank N ≥ 2. The outer automorphism group of FN , Out(FN ),
is the quotient group Aut(FN )/Inn(FN ). The group Out(FN ) is a close relative to Mod(S)
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2 CAGLAR UYANIK
in the sense that tools for analyzing mapping class groups have similar counterparts in the
study of elements of Out(FN ). The first such tool is the Culler-Vogtmann’s Outer Space
[13], cvN , which is the space of marked metric graphs or equivalently the space of minimal,
free, discrete isometric actions of FN on R-trees. This space cvN and its projectivization
CVN , obtained as the quotient by the action of R+, acting by scaling the metrics, both
have natural closures cvN and CV N with respect to Gromov-Hausdorff topology. We
explain this in detail in Section 2.1.
Another such tool is the space of geodesic currents on FN , denoted by Curr(FN ),
which is the space of locally finite Borel measures on ∂2FN which are FN invariant and
flip invariant. The space of projectivized geodesic currents, denoted by PCurr(FN ) is
the quotient of Curr(FN ), where two currents are equivalent if they are positive scalar
multiples of each other.
The main Out(FN ) analog of a pseudo-Anosov mapping class is a fully irreducible
element, which is also called an irreducible with irreducible powers (iwip). An iwip ϕ ∈
Out(FN ) is an element such that no positive power of ϕ fixes the conjugacy class of a proper
free factor of FN . There are two types of iwips both of which are equally important. An
iwip ϕ ∈ Out(FN ) is called hyperbolic or atoroidal if it has no nontrivial periodic conjugacy
classes. It is known [1, 7] that an iwip is hyperbolic if and only if G = FN oϕ Z is word-
hyperbolic. An iwip ϕ is called geometric or non-atoroidal otherwise. The reason for the
name is a theorem of Bestvina-Handel [4], saying that ϕ ∈ Out(FN ) is a non-atoroidal
iwip if and only if ϕ is induced by a pseudo-Anosov homeomorphism of a surface S with
one boundary component and pi1(S) ∼= FN .
Thurston’s north south dynamics result on PML(S) has several different generalizations
in the Out(FN ) context. The first such generalization is due to Levitt and Lustig. In [25]
they show that for an iwip ϕ ∈ Out(FN ), its action on the compactified outer space CV N
has exactly two fixed points, [T+] and [T−]. For any other point [T ] 6= [T±] we have
limn→∞[T ]ϕn = [T+] and limn→∞[T ]ϕ−n = [T−]. Moreover, this convergence is uniform
on compact subsets K of CV N .
Reiner Martin, in his unpublished 1995 thesis [26], proves that if ϕ ∈ Out(FN ) is a
hyperbolic iwip, then ϕ acts on PCurr(FN ) with north-south dynamics. We discuss his
results after Corollary F below.
The first main result of this paper deals with the dynamical properties of a pseudo-
Anosov map f ∈ Mod(S) on PCurr(S) where S is a compact, hyperbolic surface with
b ≥ 1 boundary components α1, α2, . . . , αb. Let µαi be the current corresponding to the
boundary curve αi. Here we note that that pi1(S) = FN and PCurr(FN ) = PCurr(S).
See section 2.1 for details.
Let us define ∆, H0(f), H1(f) ⊂ PCurr(S) = PCurr(FN ) as follows:
∆ := {[a1µα1 + a2µα2 + . . .+ abµαb ] | ai ≥ 0,
b∑
i=1
ai > 0}.
H0(f) := {[t1µ−+t2ν] |[ν] ∈ ∆, t1, t2 ≥ 0} and H1(f) := {[t′1µ++t′2ν] | [ν] ∈ ∆, t′1, t′2 ≥ 0}.
Theorem A. Let f be a pseudo-Anosov homeomorphism on S. Let K be a compact set
in PCurr(S) \H0(f). Then, for any open neighborhood U of [µ+], there exist m ∈ N such
that fn(K) ⊂ U for all n ≥ m. Similarly for a compact set K ′ ⊂ PCurr(S) \H1(f) and
an open neighborhood V of [µ−], there exist m′ ∈ N such that f−n(K ′) ⊂ V for all n ≥ m′.
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Theorem A implies that if [ν] ∈ PCurr(S)\(H0(f)∪H1(f)), then limn→∞ fn[ν] = [µ+]
and limn→∞ f−n[ν] = [µ−]. Moreover, it is not hard to see that f has exceptional dynamics
on H0(f) ∪H1(f):
If [µ] = [t1µ+ + t2ν] where t1 > 0, [ν] ∈ ∆, then
lim
n→∞ f
n([µ]) = [µ+]
but
lim
n→∞ f
−n([µ]) = [t2ν].
If [µ] = [t′1µ− + t
′
2ν] where t
′
1 > 0, [ν] ∈ ∆, then
lim
n→∞ f
−n([µ]) = [µ−]
but
lim
n→∞ f
n([µ]) = [t2ν].
As a particular case of Theorem A for surfaces with one boundary component we obtain
the following general result about dynamics of non-atoroidal iwips on PCurr(FN ).
Theorem B. Let ϕ ∈ Out(FN ) be a non-atoroidal iwip. Then the action of ϕ on the space
of projectivized geodesic currents, PCurr(FN ), has uniform dynamics in the following
sense: Given an open neighborhood U of the stable current [µ+] and a compact set K0 ⊂
PCurr(FN ) \ H0(ϕ), there is an integer M0 > 0 such that for all n ≥ M0, ϕn(K0) ⊂
U . Similarly, given an open neighborhood V of the unstable current [µ−] and a compact
set K1 ⊂ PCurr(FN ) \ H1(ϕ), there is an integer M1 > 0 such that for all m ≥ M1,
ϕ−m(K1) ⊂ V .
As a corollary of Theorem B we get a unique-ergodicity type statement for non-atoroidal
iwips:
Corollary C. Let ϕ ∈ Out(FN ) be a non-atoroidal iwip. Let T+ and T− be representa-
tives of attracting and repelling trees in cvN corresponding to right action of ϕ on cvN
respectively. Then
〈T+, µ〉 = 0 ⇐⇒ [µ] = [a0µ− + b0µα]
for some a0 ≥ 0, b0 ≥ 0, where µα is the current corresponding to boundary curve α as in
Theorem B. Similarly,
〈T−, µ〉 = 0 ⇐⇒ [µ] = [a1µ+ + b1µα]
for some a1 ≥ 0, b1 ≥ 0.
As an application of our methods, we obtain the following general structural result,
which is a subgroup version of a theorem of Bestvina-Handel [4]. See Theorem 4.1 below.
Theorem D. Let H ≤ Out(FN ) and suppose that H contains an iwip ϕ. Then one of
the following holds:
(1) H contains a hyperbolic iwip.
(2) H is geometric, i.e. H contains no hyperbolic iwips and H ≤ Mod±(S) ≤
Out(FN ) where S is a compact surface with one boundary component with pi1(S) =
FN such that ϕ ∈ H is induced by a pseudo-Anosov homeomorphism of S.
Moreover, if the original iwip ϕ ∈ H is non-atoroidal and (1) happens, then H contains
a free subgroup L of rank two such that every nontrivial element of L is a hyperbolic iwip.
See Remark 5.5 below.
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In [8, 9], using a result of Handel-Mosher [15] about classification of subgroups of
Out(FN ), Carette-Francaviglia-Kapovich and Martino showed that every nontrivial nor-
mal subgroup of Out(FN ) contains an iwip for N ≥ 3. And they asked whether every
such subgroup contains a hyperbolic iwip. As a corollary of Theorem D we answer this
question in the affirmative direction:
Corollary E. Let N ≥ 3. Then, every nontrivial normal subgroup H of Out(FN ) contains
a hyperbolic iwip.
Recall that the minimal set MN ⊂ PCurr(FN ), introduced by R. Martin [26], is the
closure of the set
{[ηg] | g ∈ FN is primitive element}
in PCurr(FN ). By a result of Kapovich-Lustig [19],MN is the unique smallest non-empty
closed Out(FN )-invariant subset of PCurr(FN ). Concretely, MN is equal to the closure
of the Out(FN ) orbit of [ηg] for a primitive element g ∈ FN . Note that for every non-
atoroidal iwip ϕ ∈ Out(FN ), its stable current [µ+] belongs to MN . Indeed, for every
primitive element g ∈ FN the positive iterates ϕn([ηg]) converge to [µ+] by Theorem A,
and therefore [µ+] ∈ MN . For similar reasons [µ−] ∈ MN . As a direct consequence of
Theorem B we obtain:
Corollary F. Let ϕ ∈ Out(FN ) be a non-atoroidal iwip, the action of ϕ on MN has
uniform north-south dynamics. In other words, given a compact set K0 ⊂MN \{[µ−]} and
an open neighborhood U of [µ+] in MN , there is an integer M0 > 0 such that ϕn(K0) ⊂
U for all n ≥ M0. Similarly, given a compact set K1 ⊂ MN \ {[µ+]} and an open
neighborhood V of [µ−] in MN , there is an integer M1 > 0 such that ϕ−m(K1) ⊂ V for
all m ≥M1.
In his 1995 thesis [26], Reiner Martin stated Corollary F, but without proof. In [3,
Proposition 4.11] Bestvina and Feighn prove uniform north-south dynamics for the action
of a hyperbolic iwip on PCurr(FN ) and for a non-atoroidal iwip on MN (i.e. Corollary
F). Their proof follows Martin’s original approach for the case of hyperbolic iwips which is
quite different from our proof of Corollary F here. We also give a detailed proof of Reiner
Martin’s result in [30].
Acknowledgements. I am indebted to my advisors Ilya Kapovich and Chris Leininger
for guidance, support and encouragement. I am grateful to Matt Clay for bringing [11] to
our attention, which helped us to streamline our original proof of Theorem 5.4. I would
also like to thank Spencer Dowdall, Martin Lustig, Brian Ray and Ric Wade for helpful
discussions. Finally, I would like to thank to the referee for useful comments.
2. Preliminaries
2.1. Geodesic Currents on Free Groups and Outer Space. Let FN be a finitely
generated free group of rank N ≥ 2. Let us denote the Gromov boundary of FN by ∂FN
and set
∂2FN := {(ξ, ζ) |ξ, ζ ∈ ∂FN , and ξ 6= ζ}.
A geodesic current on FN is a positive locally finite Borel measure on ∂
2FN , which is
FN -invariant and σf -invariant, where σf : ∂
2FN → ∂2FN is the flip map defined by
σf (ξ, ζ) = (ζ, ξ)
for (ξ, ζ) ∈ ∂2FN . We will denote the space of geodesic currents on FN by Curr(FN ). The
space Curr(FN ) is endowed with the weak* topology so that, given νn, ν ∈ Curr(FN ),
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limn→∞ νn = ν if and only if limn→∞ νn(S1×S2) = ν(S1×S2) for all disjoint closed-open
subsets S1, S2 ⊆ ∂FN .
For a Borel subset S of ∂2FN and ϕ ∈ Aut(FN ),
ϕν(S) := ν(ϕ−1(S))
defines a continuous, linear left action of Aut(FN ) on Curr(FN ). Moreover, Inn(FN ) acts
trivially, so that the action induces an action by the quotient group Out(FN ).
Let ν1, ν2 be two non-zero currents, we say ν1 is equivalent to ν2, and write ν1 ∼ ν2,
if there is a positive real number r such that ν1 = rν2. Then, the space of projectivized
geodesic currents on FN is defined by
PCurr(FN ) := {ν ∈ Curr(FN ) : ν 6= 0}/ ∼ .
We will denote the projective class of the current ν by [ν]. The space PCurr(FN ) inherits
the quotient topology and the above Aut(FN ) and Out(FN ) actions on Curr(FN ) descend
to well defined actions on PCurr(FN ) as follows: For ϕ ∈ Aut(FN ) and [ν] ∈ PCurr(FN ),
ϕ[ν] := [ϕν].
Let RN be the rose with N petals, that is, a finite graph with one vertex q, and N
loop-edges attached to the vertex q. Let Γ be a finite, connected graph with no valence-one
vertices such that pi1(Γ, p) ∼= FN . A simplicial chart or marking on FN is a homotopy
equivalence α : RN → Γ. The marking α : RN → Γ induces an isomorphism, which we
will also denote by α, α : pi1(RN , q) → pi1(Γ, p) where p = α(q). There are canonical
FN -equivariant homeomorphisms α˜ = ∂α : ∂FN → ∂Γ˜ and ∂2α : ∂2FN → ∂2Γ˜ induced by
α.
Let γ in Γ˜ be a reduced edge path. Define the cylinder set for γ to be
Cylα(γ) := {(ξ, ζ) ∈ ∂2FN : γ ⊂ [α˜(ξ), α˜(ζ)]},
where [α˜(ξ), α˜(ζ)] denotes the geodesic from α˜(ξ) to α˜(ζ) in Γ˜.
For an edge-path v in Γ, let γ be any lift of v to Γ˜. We set
〈v, ν〉α := ν (Cylα(γ))
and call 〈v, ν〉α the number of occurrences of v in ν.
In [18], Kapovich showed that given νn, ν ∈ Curr(FN ), limn→∞ νn = ν if and only
if limn→∞ 〈v, νn〉α = 〈v, ν〉α for all edge paths v in Γ. Moreover a geodesic current is
uniquely determined by the set of values (〈v, ν〉α)v∈PΓ, where PΓ is the set of all edge
paths in Γ.
For any ν ∈ Curr(FN ), the weight of ν with respect to α is defined as
wα(ν) :=
∑
e∈EΓ
〈e, ν〉α ,
where EΓ is the set of all oriented edges of Γ. It turns out that the concept of weight is use-
ful in terms of giving convergence criteria in the space of projective currents PCurr(FN ):
Lemma 2.1. [18] For any nonzero νn, ν ∈ Curr(FN ), we have
lim
n→∞[νn] = [ν] if and only if limn→∞
νn
wα(νn)
=
ν
wα(ν)
.
Definition 2.2 (Rational Currents). Let g ∈ FN be a nontrivial element such that g 6= hk
for any h ∈ FN and k > 1. Then define the counting current ηg as follows: For a closed-
open subset S of ∂2FN , ηg is the number of FN -translates of (g
−∞, g∞) and (g∞, g−∞)
that are contained in S. For an arbitrary non-trivial element g ∈ FN write g = hk, where
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h is not a proper power. Then define ηg := kηh. Any nonnegative scalar multiple of a
counting current is called a rational current.
An important fact about rational currents is that, the set of rational currents is dense
in Curr(FN ), see [17, 18]. Note that for any h ∈ FN we have (hgh−1)−∞ = hg−∞ and
(hgh−1)∞ = hg∞. From here, it is easy to see that ηg depends only on the conjugacy
class of the element g. So, from now on, we will use ηg and η[g] interchangeably.
It turns out that the number of occurrences of an edge path in a rational current has
a more concrete description: Let c be a circuit in Γ. For any edge-path v define number
of occurrences of v in c, denoted by 〈v, c〉α, to be the number of vertices in c such that
starting from that vertex, moving in the positive direction on c one can read off v or v−1
as an edge-path. Then for an edge-path v, and a conjugacy class [g] in FN one has〈
v, η[g]
〉
α
= 〈v, c(g)〉α ,
where c(g) = α(g) is the unique reduced circuit in Γ representing [g], see [18].
Definition 2.3 (Outer Space). The space of minimal, free and discrete isometric actions
of FN on R-trees up to FN -equivariant isometry is denoted by cvN and called unprojec-
tivized Outer Space. The closure of the Outer Space, cvN , consists precisely of very small,
minimal, isometric actions of FN on R-trees, see [2]. It is known that [12] every point
in the closure of the outer space is uniquely determined by its translation length function
‖.‖T : FN → R where ‖g‖T = min
x∈T
dT (x, gx). There is a natural continuous right action of
Aut(FN ) on cvN , which in the level of translation length functions defined by
‖g‖Tϕ = ‖ϕ(g)‖T
for any T ∈ cvN and ϕ ∈ Aut(FN ). It is easy to see that for any h ∈ FN , ‖hgh−1‖T =
‖g‖T . So Inn(FN ) is in the kernel of this action, hence the above action factors through
Out(FN ).
A useful tool relating geodesic currents to outer space is the intersection form introduced
by Kapovich-Lustig.
Proposition-Definition 2.4. [20] There exists a unique continuous map 〈, 〉 : cvN ×
Curr(FN )→ R≥0 with the following properties:
(1) 〈T, c1ν1 + c2ν2〉 = c1 〈T, ν1〉 + c2 〈T, ν2〉 for any T ∈ cvN , ν1, ν2 ∈ Curr(FN ) and
nonnegative scalars c1, c2.
(2) 〈cT, ν〉 = c 〈T, ν〉 for any T ∈ cvN and ν ∈ Curr(FN ) and c ≥ 0.
(3) 〈Tϕ, ν〉 = 〈T, ϕν〉 for any T ∈ cvN , ν ∈ Curr(FN ) and ϕ ∈ Out(FN ).
(4) 〈T, ηg〉 = ‖g‖T for any T ∈ cvN , any nontrivial g ∈ FN .
A detailed discussion of geodesic currents on free groups can be found in [17, 19, 20, 21].
2.2. Geodesic Currents on Surfaces . Let S be a closed surface of genus g ≥ 2. Let us
fix a hyperbolic metric on S and consider the universal cover S˜ with the pull-back metric.
There is a natural pi1(S) action on S˜ by isometries. We will denote the space of bi-infinite,
unoriented, unparameterized geodesics in S˜ by G(S˜), given the quotient topology from
the compact open topology on parameterized bi-infinite geodesics. Since such a geodesic
is uniquely determined by the (unordered) pair of its distinct end points on the boundary
at infinity of S˜, a more concrete description can be given by
G(S˜) =
(
(S˜∞ × S˜∞)−∆
)/(
(ξ, ζ) = (ζ, ξ)
)
.
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A geodesic current on S is a locally finite Borel measure on G(S˜) which is pi1(S)
invariant. The set of all geodesic currents on S, denoted by Curr(S), is a metrizable
topological space with the weak* topology, see [5, 6].
As a simple example, consider the preimage in S˜ of any closed curve γ ⊂ S, which is a
collection of complete geodesics in S˜. This is a discrete subset of G(S˜) which is invariant
under the action of pi1(S). Dirac (counting) measure associated to this set on G(S˜) gives
a geodesic current on S, which is denoted by µγ . Note that this construction gives an
injection from the set of closed curves on S to Curr(S). As another example, one can
consider a measured geodesic lamination as a geodesic current, see [5, 24]. Therefore, the
set ML(S) of all measured geodesic laminations on S, is a subset of Curr(S).
Recall that geometric intersection number of α, β for any two homotopy classes of
closed curves is the minimum number of intersections of α′ and β′ for α′ ' α and β′ ' β.
One can show that this minimum is realized when α′, β′ are geodesic representatives.
In [5], Bonahon constructed a continuous, symmetric, bilinear function i(, ) : Curr(S)×
Curr(S) → R≥0 such that for any two homotopy classes of closed curves α, β, i(µα, µβ)
is the geometric intersection number between α and β. We will call i(, ) the intersection
number function.
We say that a geodesic current µ ∈ Curr(S) is binding if i(ν, µ) > 0 for all ν ∈ Curr(S).
For example, let β = {β1, . . . , βm} be a filling set of simple closed curves, i.e. union of
geodesic representatives of βi cuts S up into topological disks. Then µβ =
∑
µβi is a
binding current. One of the facts proved in [6] that we will use repeatedly in our arguments
is as follows:
Proposition 2.5 (Bonahon). Let β be a binding current. Then the set of ν ∈ Curr(S)
with i(ν, β) ≤M for M > 0 is compact in Curr(S).
Proposition 2.5 also implies that the space of projective geodesic currents, PCurr(S),
is compact where
PCurr(S) = (Curr(S) \ 0)/ ∼
and where ν1 ∼ ν2 if and only if ν1 = cν2 for some c > 0.
In [28], Otal used the intersection number function to distinguish points in Curr(S).
Theorem 2.6. [28] Given ν1, ν2 ∈ Curr(S), ν1 = ν2 if and only if i(ν1, α) = i(ν2, α)
for every closed curve α in S.
Recently, in [14], Duchin-Leininger-Rafi used Theorem 2.6 to construct a metric on Curr(S),
which will be crucial in our argument.
Theorem 2.7. [14] Let β be a filling set of simple closed curves. Enumerate all the closed
curves on S by {α1, α2, α3 . . . }. Let xk = αk
i(αk, β)
, then
d(ν1, ν2) =
∞∑
k=1
1
2k
|i(ν1, xk)− i(ν2, xk)|
defines a proper metric which is compatible with the weak* topology.
In general one can define a geodesic current on an oriented surface S of finite type,
but here we restrict our attention to compact surfaces with b boundary components and
give the definition for this particular case. Given a compact surface S with b boundary
components, think of it as a subset of a complete, hyperbolic surface S′, obtained from S
by attaching b flaring ends, see Figure 1.
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Figure 1. Attaching flaring ends
A geodesic current on S is a geodesic current on S′, a locally finite Borel measure on
G(S˜′) which is pi1(S′) invariant, with the property that support of this measure projects
into S.
An alternative definition can be given as follows: Let S be an oriented surface of genus
g ≥ 1 with b ≥ 1 boundary components. Consider the double of S, DS, which is a closed,
oriented surface obtained by gluing two copies of S along their boundaries by the identity
map. We equip DS with a hyperbolic metric such that S has geodesic boundary. A
geodesic current on S can be thought as a geodesic current on DS whose support projects
entirely into S. Building upon work of Bonahon [5], Duchin-Leininger-Rafi [14] showed
that intersection number on Curr(S) is in fact the restriction of the intersection number
defined on Curr(DS).
For a detailed discussion of geodesic currents on surfaces we refer reader to [5, 6, 14].
3. Dynamics on Surfaces
Let S be a compact surface of genus g ≥ 1 with b ≥ 1 boundary components and let
f : S → S be a pseudo-Anosov map which fixes ∂S pointwise. Let ϕ ∈ Out(pi1(S)) =
Out(FN ) be the induced outer automorphism. Let us denote the stable measured lami-
nation corresponding to f by µ+ and the unstable measured lamination by µ−. We will
always assume that i(µ−, µ+) = 1. Also fix a hyperbolic metric on S and denote the
geodesic boundary components of S by α1, α2, . . . αb. We will extend the map f on S
to double surface DS by taking the identity map on the other side and will continue to
denote our extension to DS by f . Also we will adhere to the point of view that a geodesic
current on S is a geodesic current on DS whose support projects entirely into S. Let µαi
be the current corresponding to the boundary curve αi.
Let us define ∆, H0(f), H1(f) ⊂ PCurr(S) as follows:
∆ := {[a1µα1 + a2µα2 + . . .+ abµαb ] | ai ≥ 0,
b∑
i=1
ai > 0}.
H0(f) := {[t1µ− + t2ν] |[ν] ∈ ∆} and H1(f) := {[t′1µ+ + t′2ν] |[ν] ∈ ∆}.
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First, we will prove a general result about geodesic currents which will be useful through-
out this article.
Proposition 3.1. Let f be a pseudo-Anosov homeomorphism on a surface S with b bound-
ary components {α1, α2, . . . , αb}. Let [µ+] and [µ−] be the corresponding stable and un-
stable laminations for f . Assume that ν ∈ Curr(S) is a geodesic current on S such that
i(ν, µ+) = 0. Then,
ν = a1µα1 + a2µα2 + . . .+ abµαb + cµ+
for some ai, c ≥ 0. Similarly, if i(ν, µ−) = 0, then
ν = a′1µα1 + a
′
2µα2 + . . .+ a
′
bµαb + c
′µ−
for some a′i, c
′ ≥ 0.
Proof. We will prove the first part of the proposition. The proof of the second part is
similar. Here we use the structure of geodesic laminations and in particular the structure
of the stable and unstable laminations. For a detailed discussion see [10, 29, 24].
Let S be a surface with b ≥ 1 boundary components and DS the double of S. Let
µ+ be the stable lamination corresponding to the pseudo-Anosov map f . Assume that
for a geodesic current ν, the intersection number i(ν, µ+) = 0. We’ll now investigate
possible geodesics in the support of ν. Since i(ν, µ+) = 0, it follows from the definition
of Bonahon’s intersection form that projection of any geodesic in the support of ν onto
S cannot intersect the leaves of the lamination transversely. Indeed, such an intersection
would contribute to intersection number positively. Therefore, for each geodesic ` in the
support of ν one of the following happens:
(1) ` projects onto a leaf of the stable lamination or a boundary curve, or
(2) ` projects onto a geodesic that is disjoint from the leaves of the stable lamination
or the boundary curves.
If (1) happens for every geodesic ` in the support of ν, then there is nothing to prove. If
not, then ` projects to a geodesic, which is disjoint from the stable lamination. So if we
cut S along the stable lamination to get ideal polygons or crowns [10] (see Figure 2), then
one of these contains the image of the geodesic `.
Figure 2. Complementary Regions
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From here, it follows that there is a geodesic `′ (possibly different than `) in the support
of ν which is isolated, i.e. there is some open set U in G(S˜), which intersects the support
of ν in the single point {`′}. The geodesic `′ must have positive mass assigned by ν. This
geodesic will project onto a biinfinite geodesic in S, which must therefore accumulate since
S is compact. Take a short geodesic segment L in S, which the projection of `′ intersects
infinitely often. Consider a lift L˜ of L to S˜. There are infinitely many translates of `′ that
intersect L˜ which also form a compact set. By the pi1(S)-invariance of the measures, this
set must have infinite measure, which contradicts the fact that ν is a locally finite Borel
measure. Therefore (2) does not happen. So as a result, ν will be a combination of some
multiple of the stable lamination and a linear combination of currents corresponding to
the boundary curves. 
The following lemma is due to N. Ivanov.
Lemma 3.2. [16] Let µ be a measured geodesic lamination on DS, if [µ] /∈ H0(f) then
lim
n→∞λ
−nfn(µ) = i(µ, µ−)µ+,
where λ is the dilatation. Similarly if [µ] /∈ H1(f), then
lim
n→∞λ
−nf−n(µ) = i(µ, µ+)µ−.
The first step toward a generalization of the Lemma 3.2 for actions of pseudo-Anosov
homeomorphisms on the space of projective geodesic currents can be stated as follows:
Lemma 3.3. Let [ν] /∈ H0(f) be an arbitrary geodesic current, then
lim
n→∞ f
n[ν] = [µ+].
Proof. Considering PCurr(S) ⊂ PCurr(DS) as a closed subset, since PCurr(DS) is com-
pact, there exist a subsequence {nk} such that limnk→∞ fnk [ν] exists. This means that
there is a sequence {wnk} of positive real numbers such that
lim
nk→∞
wnkf
nk(ν) = ν∗ 6= 0
where ν∗ ∈ PCurr(S). Let β be a filling set of simple closed curves in DS. We have
0 6= C = i(ν∗, β)
= i( lim
nk→∞
wnkf
nk(ν), β)
= lim
nk→∞
i(wnkν, f
−nk(β))
= lim
nk→∞
wnkλ
nk i(ν, λ−nkf−nk(β))
= lim
nk→∞
wnkλ
nk lim
nk→∞
i(ν, λ−nkf−nk(β)))
= lim
nk→∞
wnkλ
nk i(ν, µ−)i(µ+, β).
From here we can deduce that
lim
nk→∞
wnkλ
nk = C1 6= 0,
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since i(ν, µ−) 6= 0 and i(µ+, β) 6= 0. This means that without loss of generality we can
choose wnk = λ
−nk . Now, look at
i(ν∗, µ+) = i( lim
nk→∞
λ−nkfnk(ν), µ+)
= lim
nk→∞
i(ν, λ−nkf−nk(µ+))
= lim
nk→∞
λ−2nk i(ν, µ+)
= 0.
Therefore, by Proposition 3.1,
ν∗ = tµ0 + sµ+
where t, s ≥ 0, t + s > 0 and µ0 is a non-negative, non-trivial linear combination of
currents corresponding to boundary curves.
Claim 1. s 6= 0, i.e ν∗ 6= tµ0.
We will show that ν∗ has non-zero intersection number with µ− which will imply that
ν∗ 6= µ0.
i(ν∗, µ−) = i( lim
nk→∞
λ−nkfnk(ν), µ−)
= lim
nk→∞
i(ν, λ−nkf−nk(µ−))
= lim
nk→∞
i(ν, µ−)
= i(ν, µ−) 6= 0,
since ν /∈ H0.
Claim 2. limn→∞ fn[ν] = [µ+].
Assume not, then there exists a subsequence {nk} such that
lim
nk→∞
fnk [ν] = [ν∗] 6= [µ+].
First observe that
lim
m→∞ f
−m[ν∗] = [µ0],
since
f−m[tµ0 + sµ+] = [tµ0 + λ−msµ+].
We also have, ∀i > 0
lim
nk→∞
fnk−i[ν] = f−i[ν∗].
Let d′ be a metric on PCurr(DS) which induces the quotient topology from the weak-*
topology. Then, ∀m ≥ 1 there exist an integer im ≥ 1 such that
d′([µ0], f−im [ν∗]) <
1
2m
.
Since limnk→∞ f
nk−im [ν] = f−im [ν∗], pick nk = nk(m) such that
d′(f−im [ν∗], fnk−im [ν]) <
1
2m
and nk − im > m.
Now, set jm = nk − im, then by triangle inequality we have
d′(f jm [ν], [µ0]) <
1
m
,
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which implies limjm→∞ f
jm [ν] = [µ0], which contradicts with the previous claim. This
completes the proof of the lemma. 
Theorem 3.4. Let f be a pseudo-Anosov homeomorphism on a compact surface S. Let
[ν] /∈ H0(f) be a geodesic current. Then,
lim
n→∞λ
−nfn(ν) = i(ν, µ−)µ+,
where µ+ and µ− are the stable and the unstable laminations for f . Similarly, for a
geodesic current [ν] /∈ H1(f), we have
lim
n→∞λ
−nf−n(ν) = i(ν, µ+)µ−.
Proof. Lemma 3.3 implies that there exits a sequence {wn} of positive real numbers such
that limn→∞ wnfn(ν) = µ+. Recall that we assumed i(µ+, µ−) = 1. Hence, we have
1 = i( lim
n→∞wnf
n(ν), µ−)
= lim
n→∞ i(wnν, f
−n(µ−))
= lim
n→∞wnλ
ni(ν, µ−),
which implies that limn→∞ wnλn =
1
i(ν, µ−)
. Therefore, we have
lim
n→∞λ
−nfn(ν) = lim
n→∞
wn
wnλn
fn(ν) = i(ν, µ−)µ+.
The proof of the second assertion is similar. 
Now we are ready to prove the main theorem of this section.
Theorem 3.5. Let f be a pseudo-Anosov homeomorphism on a compact surface with
boundary. Assume that K is a compact set in PCurr(S) \ H0(f). Then for any open
neighborhood U of the stable current [µ+], there exist m ∈ N such that fn(K) ⊂ U for all
n ≥ m. Similarly, for a compact set K ′ ⊂ PCurr(S) \H1(f) and an open neighborhood
V of the unstable current [µ−], there exist m′ ∈ N such that f−n(K ′) ⊂ V for all n ≥ m′.
Proof. We will prove the first statement. The proof of the second one is similar. To
prove this theorem we utilize the metric on the space of geodesic currents introduced by
Duchin-Leininger-Rafi in [14]. Let d be the metric on Curr(DS) as discussed in Section
2.2. Let {α0, α1, α2, . . . } be an enumeration of all the closed curves on DS. Let us set
xk =
αk
i(αk, β)
where β is a filling set of simple closed curves on DS.
Let us take a cross section K¯ ofK in Curr(S) by picking the representative ν ∈ Curr(S)
with i(ν, µ−) = 1 for any [ν] ∈ K. From Theorem 3.4, we know that
lim
n→∞λ
−nfn(ν) = i(ν, µ−)µ+ = µ+
So it suffices to show that for any  > 0, there exist m > 0 such that
d(λ−nfn(ν), µ+) < 
for all n ≥ m and for all ν ∈ K¯.
Claim.
|i(µ+, xk)− i(λ−nfn(ν), xk)|
is uniformly bounded ∀ν ∈ K¯, ∀k ≥ 1, ∀n ≥ 1.
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By triangle inequality |i(µ+, xk)− i(λ−nfn(ν), xk)| ≤ |i(µ+, xk)|+ |i(λ−nfn(ν), xk)|, so it
suffices to bound the two quantities on the right. Since {xk} is precompact we have
i(µ+, xk) ≤ R0
for some R0 > 0.
For the second quantity we have
i(λ−nfn(ν), xk) = i(ν, λ−nf−n(xk))
Since ν comes from a compact set, it suffices to show that {λ−nf−n(xk)} is precompact.
Now we have,
i(λ−nf−n(xk), β) = i(xk, λ−nfn(β)) ≤ R1
for some R1 > 0 since {xk} is precompact and limn→∞ λ−nfn(β) = i(β, µ−)µ+. Therefore
by proposition 2.5, {λ−nfn(xk)} is precompact, and hence the second quantity is uniformly
bounded, and the claim follows.
By the claim there is some R > 0 so that
|i(µ+, xk)− i(λ−nfn(ν), xk)| ≤ R.
Now we have;
(1) d(µ+, λ
−nfn(ν)) ≤
M∑
j=1
1
2j
|i(µ+, xj)− i(λ−nfn(ν), xj)|+
∞∑
j=M+1
1
2j
R.
The second sum can be made as small as we want by choosing M big enough, so we make
it less than /2. We need to show that first sum goes to 0 uniformly over all ν ∈ K¯. Since
there are only finitely many terms we will show that for a fixed xj
|i(µ+, xj)− i(λ−nfn(ν), xj)| → 0
uniformly ∀ν ∈ K¯. Now, because i(ν, µ−) = 1, we have
|i(µ+, xj)− i(λ−nfn(ν), xj)| = |i(ν, µ−)i(µ+, xj)− i(ν, λ−nf−n(xj))|
= |i(ν, i(µ+, xj)µ−)− i(ν, λ−nf−n(xj))|.
Since ν comes from a compact set, we can choose a small neighborhood V of i(µ+, xj)µ−
such that for any ν′ ∈ V
|i(ν, i(µ+, xj)µ−)− i(ν, ν′)| < /2M
for all ν ∈ K¯. We already know by Theorem 3.4 that
lim
n→∞λ
−nf−n(xj) = i(µ+, xj)µ−.
So there exist m ∈ N such that for all n ≥ m one has λ−nf−n(xj) ∈ V and therefore
|i(ν, i(µ+, xj)µ−)− i(ν, λ−nf−n(xj))| < /2M.
Hence, by (1) we have
d(µ+, λ
−nfn(ν)) ≤ 
for all n ≥ m and for all ν ∈ K¯. 
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4. Dynamics of non-atoroidal, fully irreducible automorphisms
For a non-atoroidal iwip ϕ ∈ Out(FN ), using a theorem of Bestvina and Handel we will
be able to transfer the question about the dynamics of the action of ϕ on PCurr(FN ) to
a problem in surface theory. Using the result we established in the previous section, we
will prove a variant of uniform North-South dynamics on the space of geodesic currents
for non-atoroidal iwips.
The result of Bestvina-Handel we need is the following.
Theorem 4.1. [4] Let ϕ ∈ Out(FN ). Then ϕ is a non-atoroidal iwip if and only if ϕ is
induced by a pseudo-Anosov homeomorphism f of a compact surface S with one boundary
component and pi1(S) ∼= FN .
Remark 4.2. Note that with the definition we gave at the end of Section 2, a geodesic
current on FN is precisely a geodesic current on a surface S with pi1(S) = FN . Therefore,
Curr(FN ) = Curr(S).
For ϕ and f as in Theorem 4.1, define H0(ϕ) := H0(f), H1(ϕ) = H1(f) ⊂ PCurr(S) =
PCurr(FN ). Combining the above remark and Theorem 4.1, a special case of Theorem
3.5 for one boundary component gives the following:
Theorem 4.3. Let ϕ ∈ Out(FN ) be a non-atoroidal iwip. Then the action of ϕ on the
space of projectivized geodesic currents PCurr(FN ) has uniform dynamics in the following
sense: Given an open neighborhood U of the stable current [µ+] and a compact set K0 ⊂
PCurr(FN ) \H0(ϕ) there exist a power M0 > 0 such that for all n ≥ M0, ϕn(K0) ⊂ U .
Similarly, given an open neighborhood V of the unstable current [µ−] and a compact set
K1 ⊂ PCurr(FN ) \ H1(ϕ), there exist a power M1 > 0 such that for all m ≥ M1,
ϕ−m(K1) ⊂ V .
We complement the above theorem by giving a complete picture in terms of fixed points
of the action of a non-atoroidal iwip ϕ on the space of projective geodesic currents.
Proposition 4.4. Let ϕ be a non-atoroidal iwip. Then the action of ϕ on PCurr(FN )
has exactly three fixed points: the stable lamination (current) [µ+], the unstable lamination
(current) [µ−] and the current corresponding to the boundary curve [µα].
Proof. A straightforward computation shows that points in (H0(ϕ)∪H1(ϕ)) except [µ+], [µ−]
and [µα] are not fixed. For any other point [ν] ∈ PCurr(FN ) \
(
H0(ϕ)∪H1(ϕ)
)
, Theorem
4.3 and the fact that [µ+] 6= [µ−] implies that ϕ([ν]) 6= [ν]. 
Recall that the minimal set MN in PCurr(FN ) is the closure of the set
{[ηg] | g ∈ FN is primitive element}
in PCurr(FN ). Equivalently, MN is equal to the closure of Out(FN ) orbit of [ηg] for a
primitive element g ∈ FN . As a consequence of Theorem 3.5, we obtain the following
result, which was claimed without proof by R. Martin [26]. A sketch of the proof following
a different approach was given by Bestvina-Feign in [3].
Corollary 4.5. Let ϕ ∈ Out(FN ) be a non-atoroidal iwip with stable and unstable currents
[µ+] and [µ−]. Then the action of ϕ on MN has uniform north-south dynamics. Namely,
given a compact set K0 ⊂MN \{[µ−]} and an open neighborhood U of [µ+] in MN , there
is an integer M0 > 0 such that ϕ
n(K0) ⊂ U for all n ≥ M0. Similarly, given a compact
set K1 ⊂ MN \ {[µ+]} and an open neighborhood V of [µ−] in MN , there is an integer
M1 > 0 such that ϕ
−m(K1) ⊂ V for all m ≥M1.
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Proof. Let ϕ ∈ Out(FN ) be a non-atoroidal iwip. Then ϕ is induced by a pseudo-Anosov
homeomorphism f of a compact surface S with one boundary component α and pi1(S) ∼=
FN . Note that the current corresponding to the boundary curve µα does not belong to
minimal set MN . Indeed, it is well known that if a current [ν] ∈MN and A is free basis
for FN , then Whitehead graph of support of [ν] with respect to A is either disconnected or
connected but has a cut vertex, [31, 3]. Pick a basis A such that µα corresponds to product
of commutators. It is straightforward to check that µα /∈MN by using this criteria. From
here it also follows that any element in (H0 ∪H1) other than [µ+] and [µ−] is not inMN
since the closure of the ϕ orbit, and hence the Out(FN ) orbit, of any such element will
contain [µα]. Therefore, Theorem 3.5 implies that ϕ has uniform north-south dynamics
on the minimal set MN . 
As another corollary of our theorem we prove an analogous result for non-atoroidal
iwips of a theorem of Kapovich-Lustig [21] about hyperbolic iwips. Recall that, by [25],
the action of an iwip ϕ ∈ Out(FN ) on the projectivized outer space CV N has exactly two
fixed points, [T+] and [T−], called attracting and repelling trees for ϕ. For any [T ] 6= [T−],
limn→∞[T ]ϕn = [T+] and for any [T ] 6= [T+], limn→∞[T ]ϕ−n = [T−]. Moreover, there
are constants λ+, λ− > 1 such that T+ϕ = λ+T+ and T−ϕ−1 = λ−T−. In fact, for a
non-atoroidal iwip ϕ ∈ Out(FN ), one has λ− = λ+ = λ.
Theorem 4.6. Let ϕ ∈ Out(FN ) be a non-atoroidal iwip. Let T+ and T− be representa-
tives of attracting and repelling trees, respectively, in cvN corresponding to the right action
of ϕ on cvN . Then,
〈T+, µ〉 = 0 ⇐⇒ [µ] = [a0µ− + b0µα]
for some a0 ≥ 0, b0 ≥ 0. Similarly,
〈T−, µ〉 = 0 ⇐⇒ [µ] = [a1µ+ + b1µα]
for some a1 ≥ 0, b1 ≥ 0.
Proof. We will prove the first assertion, the second one is symmetric. The “If” direction
follows from the properties of the intersection form (see Proposition 2.4). Specifically, we
have
〈T+, µ−〉 =
〈
T+ϕ,ϕ
−1µ−
〉
= λλ+ 〈T+, µ−〉 ,
which implies 〈T+, µ−〉 = 0. Similarly,
〈T+, µα〉 =
〈
T+ϕ,ϕ
−1µα
〉
= λ+ 〈T+, µα〉 ,
which implies that 〈T+, µα〉 = 0 as well. Therefore,
〈T+, a0µ− + b0µα〉 = a 〈T+, µ−〉+ b 〈T+, µα〉 = 0.
Conversely, let 〈T+, µ〉 = 0. Assume that µ is not a linear combination of µ− and µα.
Then, there exist a sequence of positive real numbers {an} such that
lim
n→∞ anϕ
n(µ) = µ+.
Therefore by continuity of the intersection number we have
0 6= 〈T+, µ+〉 =
〈
T+, lim
n→∞ anϕ
n(µ)
〉
= lim
n→∞ anλ
n
+ 〈T+, µ〉 = 0,
which is a contradiction. 
The other direction of this unique-ergodicity type result is the same as for hyperbolic
case.
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Theorem 4.7. Let ϕ be a non-atoroidal iwip. Let T−, T+ be as in Theorem 4.6. Let µ+
and µ− be representatives of stable and unstable currents corresponding to action of ϕ on
PCurr(FN ) accordingly. Then
〈T, µ±〉 = 0 ⇐⇒ [T ] = [T∓].
Proof. We will prove that 〈T, µ−〉 = 0 ⇐⇒ [T ] = [T+]. The proof of the other assertion
is similar. We have already proved in the previous theorem that 〈T+, µ−〉 = 0. Let us
assume that 〈T, µ−〉 = 0 but [T ] 6= [T+]. Then, by [25], there exist a sequence of positive
real numbers {bn} such that
lim
n→∞ bnTϕ
−n = T−.
Therefore, by continuity of the intersection number we get
0 6= 〈T−, µ−〉 =
〈
lim
n→∞ bnTϕ
−n, µ−
〉
=
〈
lim
n→∞ bnT, ϕ
−nµ−
〉
lim
n→∞λ
nbn 〈T, µ−〉 = 0,
which is a contradiction. 
5. Subgroups of Out(FN ) containing hyperbolic iwips
The following lemma is an adaptation of Lemma 3.1 of [11].
Lemma 5.1. Let ϕ ∈ Out(FN ) be a non-atoroidal iwip. Let [µ−], [µ+], [µα] be the unstable
current, stable current and current corresponding to boundary curve respectively. Denote
the convex hull of [µ−] and [µα] by H0 and the convex hull of [µ+] and [µα] by H1. Assume
that ψ ∈ Out(FN ) is such that ψH1 ∩ H0 = ∅. Then there exist an integer M ≥ 1 such
that for all m ≥M , the element ϕmψ is hyperbolic.
Proof. Recall that, since ϕ is a non-atoroidal iwip, ϕ is induced by a pseudo-Anosov
g ∈Mod±(S), where S is a compact surface with single boundary component and pi1(S) ∼=
FN . Therefore, λ−(ϕ) = λ+(ϕ) = λ, where λ is the dilatation for g. Let T+ and T− be
representatives of the attracting and repelling trees for ϕ in cvN so that T+ϕ = λT+ and
T−ϕ−1 = λT−. Then for all m ≥ 0 and ν ∈ Curr(FN )
〈T+, ϕmψν〉 = 〈T+ϕm, ψν〉 = λm 〈T+, ψν〉 ,
and 〈
T−ψ,ψ−1ϕ−mν
〉
=
〈
T−ϕ−m, ν
〉
= λm 〈T−, ν〉 .
Now define
α1(ν) = max{〈T+, ν〉 , 〈T−ψ, ν〉}
and
α2(ν) = max{〈T+, ψν〉 , 〈T−, ν〉}.
Then,
α1(ϕ
mψν) ≥ 〈T+, ϕmψν〉 = λm 〈T+, ψν〉
and
α1(ψ
−1ϕ−mν) ≥ 〈T−ψ,ψ−1ϕ−mν〉 = λm 〈T−, ν〉
Hence
max{α1(ϕmψν), α1(ψ−1ϕ−mν)} ≥ λmα2(ν)
Now α2(ν) = 0 if and only if 〈T+, ψν〉 = 0 and 〈T−, ν〉 = 0. By Theorem 4.6 〈T−, ν〉 =
0 ⇐⇒ [ν] ∈ H1. Since by assumption ψH1∩H0 = ∅, this implies that 〈T+, ψν〉 6= 0 again
by Theorem 4.6. Therefore α2(ν) > 0. So the ratio α1(ν)/α2(ν) defines a continuous
function on the compact space PCurr(FN ). Thus there exist a constant K such that
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α1(ν)/α2(ν) < K for all ν ∈ Curr(FN )− {0}. Pick M ≥ 1 such that λM ≥ K. Then we
have
max{α1(ϕmψν), α1(ψ−1ϕ−mν)} > α1(ν)
for all m ≥M and for all ν ∈ Curr(FN )− {0}.
Claim. The action of ϕmψ on Curr(FN )− {0} does not have periodic orbits.
Let us set θ = ϕmψ. Assume that there exist a ν ∈ Curr(FN )− {0} such that θk(ν) = ν
for some k ≥ 1. Since max{α1(θν), α1(θ−1ν)} > α1(ν) there are two cases to con-
sider. If α1(θν) > α1(ν) then by induction it is straightforward to show that α1(θ
nν) >
α1(θ
n−1ν) > . . . > α1(ν) for all n ≥ 1. Similarly, α1(θ−1ν) > α1(ν) implies that
α1(θ
−nν) > α1(θ−(n−1)ν) > . . . > α1(ν) for all n ≥ 1. In any case, it is clear that
θk(ν) 6= ν for all k ≥ 1, which is a contradiction.
Now, observe that if θ = ϕmψ had a periodic conjugacy class that would mean that θ
acts on Curr(FN )−{0} with a periodic orbit. So ϕmψ does not have a periodic conjugacy
class and hence it is hyperbolic.

Proposition 5.2. [11] Let ϕ ∈ Out(FN ) be a fully irreducible outer automorphism. Let
[T+] and [T−] be the corresponding attracting and repelling trees in the closure of the
projectivized Outer Space CV N . Assume ψ ∈ Out(FN ) is such that [T+ψ] 6= [T−]. Then
there is an M ≥ 0 such that for m ≥M the element ϕmψ ∈ Out(FN ) is fully irreducible.
Remark 5.3. Note that ψH1 ∩ H0 = ∅ in fact implies that [T+ψ] 6= [T−]. Assume
otherwise and look at the intersection number
0 = 〈T+ψ, aµ+ + bµα〉 = 〈T+, ψ(aµ+ + bµα)〉 6= 0
by Theorem 4.6, which is a contradiction. Let ϕ ∈ Out(FN ) be a non-atoroidal iwip, and
ψ ∈ Out(FN ) be an element such that ψH1 ∩H0 = ∅. Now let M be the largest of the two
in previous the two lemmas, then for all m ≥M the element ϕmψ is a hyperbolic iwip.
Theorem 5.4. Let H ≤ Out(FN ) such that H contains an iwip ϕ. Then one of the
following holds:
(1) H contains a hyperbolic iwip.
(2) H is geometric, i.e. H contains no hyperbolic iwips and H ≤ Mod±(S) ≤
Out(FN ) where S is a compact surface with one boundary component with pi1(S) =
FN such that ϕ ∈ H is induced by a pseudo-Anosov homeomorphism of S.
Proof. If the iwip ϕ is hyperbolic, then (1) holds and there is nothing to prove. Suppose
now that the iwip ϕ is non-atoroidal. Then ϕ is induced by a pseudo-Anosov homeomor-
phism on a surface S with one boundary component α and pi1(S) ∼= FN . Note that if [g]
is the conjugacy class in FN corresponding to the boundary curve α of S, then ϕ fixes [g]
up to a possible inversion. In this situation, the extended mapping class group Mod±(S)
is naturally included as a subgroup of Out(FN ). Moreover, by the Dehn-Nielsen-Baer
theorem [27], the subgroup of Out(FN ), consisting of all elements of Out(FN ) which fix
[g] up to inversion is exactly Mod±(S). If H ≤Mod±(S), then part (2) of Theorem holds
and there is nothing to prove. Assume now that H is not contained in Mod±(S). Then
there exist an element ψ ∈ H such that ψ([g]) 6= [g±1].
Claim. Let ψ ∈ Out(FN ) be an element such that ψ([g]) 6= [g±1]. Then,
ψ(H1) ∩H0 = ∅.
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First, ψ[t1µα + t2µ+] = [t
′
1µα + t
′
2µ−] implies ψ[µ+] = [µ−]. Indeed, only periodic leaves
in the support of the right hand side are leaves labeled by powers of g. Therefore, t1 = 0.
Similarly, it is easy to see that t′1 = 0. From here we note that [T+ψ] = [T−]. To see this,
look at the intersection number
0 6= 〈T+, µ−〉 = 〈T+, ψµ+〉 = 〈T+ψ, µ+〉 ,
which implies that T+ψ = cT− for some c > 0 by Theorem 4.7. Therefore we get
0 = c‖g‖T− = ‖g‖T+ψ = ‖ψ(g)‖T+ ,
which implies ψ([g]) = [g±1] since only conjugacy classes that have translation length 0
are peripheral curves. This contradicts the choice of ψ. Hence ψ(H1) ∩H0 = ∅, and the
Claim is verified.
Since ψ(H1) ∩H0 = ∅, Remark 5.3 implies that [T+ψ] 6= [T−]. Therefore, by Lemma 5.1
and Proposition 5.2, there exists m ≥ 1 such that the element φmψ ∈ H is a hyperbolic
iwip. 
Remark 5.5. Now assume that the original ϕ ∈ Out(FN ) in the statement of Theorem
5.4 is non-atoroidal and (1) holds, i.e. there is an element θ ∈ H which is hyperbolic.
Then H is not virtually cyclic, since otherwise some positive power of a non-atoroidal
iwip ϕ would be equal to some positive power of a hyperbolic iwip θ. Therefore, H is
a subgroup of Out(FN ) which is not virtually cyclic and contains a hyperbolic iwip θ.
Therefore by Corollary 6.3 of [22], H contains a free subgroup L of rank 2 such that all
nontrivial elements of L are hyperbolic iwips.
Corollary 5.6. Let N ≥ 3 and H ≤ Out(FN ) be a nontrivial normal subgroup. Then H
contains a hyperbolic iwip.
Proof. By Lemma 5.1 of [8], the subgroup H contains an iwip ϕ. If ϕ is hyperbolic, we
are done. Assume that ϕ is non-atoroidal and hence induced by a pseudo-Anosov map on
a compact surface S with one boundary component α.
Claim. If H0 ≤Mod±(S) contains an iwip ϕ, then H0 is not normal in Out(FN ).
Suppose, on the contrary, that H0 is normal in Out(FN ). Choose a hyperbolic element
η ∈ Out(FN ) (such η exists since N ≥ 3). Put [g2] = η[g1], where [g1] represents the
boundary curve of S. Put ϕ1 = ηϕη
−1. Since H0 is normal, then ϕ1 ∈ H0. Since η
has no periodic conjugacy classes, we have [g2] 6= [g±11 ]. Then ϕ1[g2] = ηϕη−1[g2] = [g2].
Since ϕ is a non-atoroidal iwip, the element ϕ1 = ηϕη
−1 is also a non-atoroidal iwip, and
[g2] is a periodic conjugacy class for ϕ1. A geometric iwip has a unique, up to inversion,
nontrivial periodic conjugacy class [g] such that g ∈ FN is not a proper power. Since
ϕ1[g2] = [g2], [g2] 6= [g±11 ] and g2 is not a proper power, it follows that ϕ1[g1] 6= [g±11 ].
Hence ϕ1 6∈Mod±(S), contrary to the assumption that H0 ≤Mod±(S). This verifies the
Claim.
Since H is normal in Out(FN ) and contains a non-atoroidal iwip ϕ coming from
a pseudo-Anosov element of Mod±(S), the Claim implies that H is not contained in
Mod±(S). Therefore by Theorem 5.4, H contains a hyperbolic iwip, as required. 
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